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Abstract
Let F(X) be the free topological group on a Tychonoff space X. For all natural number n we
denote by Fn(X) the subset of F(X) consisting of all words of reduced length  n, and by in the
natural mapping from (X⊕X−1 ⊕{e})n to Fn(X). We prove that for a metrizable space X if Fn(X)
is a k-space for each n, then X is locally compact and either separable or discrete. Therefore, as a
corollary, we obtain that for a metrizable space X if Fn(X) is a k-space for all n ∈ N, then so is
F(X). Furthermore, it is proved that for a metrizable space X the following are equivalent: (i) the
mapping in is a quotient mapping for each n; (ii) a subset U of F(X) is open if i−1n (U ∩ Fn(X)) is
open in (X ⊕X−1 ⊕ {e})n for each n; (iii) X is locally compact separable or discrete.
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1. Introduction
Let F(X) and A(X) be respectively the free topological group and the free Abelian
topological group on a Tychonoff space X in the sense of Markov [7]. As an abstract
group, F(X) is free on X and it carries the finest group topology that induces the original
topology of X, in other words, every continuous map from X to an arbitrary topological
group lifts in a unique fashion to a continuous homomorphism from F(X). Similarly, as an
abstract group, A(X) is the free Abelian group on X, having the finest group topology that
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induces the original topology of X, so that every continuous map from X to an arbitrary
Abelian topological group extends to a unique continuous homomorphism from A(X).
For each n ∈ N, Fn(X) stands for a subset of F(X) formed by all words whose length
is less than or equal to n. It is known that X itself and each Fn(X) are closed in F(X).
The subspace An(X) is defined similarly and each An(X) is closed in A(X). Let e be the
identity of F(X) and 0 be that of A(X). For each n ∈N and an element (x1, x2, . . . , xn) of
(X⊕X−1 ⊕{e})n we call x1x2 · · ·xn a form. In the Abelian case, x1 +x2 +· · ·+xn is also
called a form for (x1, x2, . . . , xn) ∈ (X ⊕ −X ⊕ {0})n. We remark that a form may contain
some reduced letter. Then the reduced form of x1x2 · · ·xn is a word of F(X) and that of
x1 + x2 + · · ·+ xn is a word of A(X). For each n ∈N we denote the natural mapping from
(X ⊕ X−1 ⊕ {e})n onto Fn(X) by in and we also use the same symbol in in the Abelian
case, that is, in means the natural mapping from (X ⊕ −X ⊕ {0})n onto An(X). Clearly
the mapping in is continuous for each n ∈N.
The following problems have been studied by several mathematicians and described in
[10].
Problem 1. Characterize spaces X for which the mapping in is a quotient (closed, z-closed,
R-quotient, etc.) mapping for all n ∈N.
Problem 2. Find general conditions on X implying that F(X) (or Fn(X) for each n ∈ N)
is a k-space.
Problem 1 was completely solved for n = 2 by Pestov [8]. He proved that i2 is a
quotient mapping iff X is strongly collectionwise normal, i.e., if every neighborhood of
the diagonal in X2 contains a uniform neighborhood of the diagonal. Furthermore, the
author [13] proved that i2 is a quotient mapping iff i2 is closed. The author also proved in
the same paper that for a metrizable space X the mapping in is closed for each n ∈N iff X
is compact or discrete. They are true for Abelian case.
The author [12] obtained a characterization of a metrizable space such that every in is a
quotient mapping for Abelian case. He proved that for a metrizable space X, in for Abelian
case is a quotient mapping for each n ∈ N if and only if either X is locally compact and
the set dX of all nonisolated points in X is separable, or dX is compact. As the author
mentioned in [12, Proposition 4.1], for a Dieudonné complete (and hence, metrizable)
space X, in is a quotient mapping iff An(X) (Fn(X)) is a k-space for each n ∈ N. So, the
above result is also an answer to Problem 2 for the free Abelian topological group on a
metrizable space.
The aim of this paper is to solve the above problems for the non-Abelian free topological
group on a metrizable space. As a consequence, we can know whether each in : (X⊕X−1 ⊕
{e})n → Fn(X) is a quotient mapping or not, and hence whether each Fn(X) is a k-space
or not for such familiar metric spaces X as the real line R, the space Q of rational numbers,
R \Q, J (κ) (κ  ω) be the hedgehog space of spine κ such that each spine is a sequence
which converges to the center point or the topological sum Cκ of κ( ω) many convergent
sequences with their limits.
We first show that for a metrizable space X if in for non-Abelian case is a quotient
mapping for each n ∈ N, then X is locally compact separable or discrete. Then we shall
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give a characterization of a metrizable space X such that each Fn(X) is a k-space, and
hence each in is a quotient mapping.
On the other hand, the situation is different for n = 3. In [12], the author proved that
for a metrizable space X the following are equivalent: (1) A3(X) is a k-space; (2) i3 is a
quotient mapping; (3) X is locally compact or dX is compact. In this paper, we add the
conditions (1′) F3(X) is a k-space and (2′) i3 is a quotient mapping for non-Abelian case
to the lists of equivalences in the above result.
In the last section, we consider a simple description of the topology of F(X) (A(X)),
as follows;
a set U ⊆ F(X) is open in F(X) if and only if
i−1n
(
U ∩ Fn(X)
)
is open in
(
X ⊕X−1 ⊕ {e})n for each n ∈N,
a set U ⊆ A(X) is open in A(X) if and only if
i−1n
(
U ∩An(X)
)
is open in
(
X ⊕ −X ⊕ {0})n for each n ∈N.
Clearly, if F(X) has the inductive limit topology and in is a quotient mapping for each
n ∈ N, then F(X) has the above description. On the other hand, since the mapping in is
continuous, if F(X) has the above description, then F(X) has the inductive limit topology.
In this paper, we shall show that if F(X) has the above description, then in is a quotient
mapping for each n ∈ N. As a consequence, we obtain that for a Dieudonné complete
space X, F(X) is a k-space iff F(X) has the above simple description. Furthermore, from
the above theorem, we can prove that for a metrizable space X, F(X) has the above simple
description iff X is locally compact separable or discrete. Since the above argument is also
true for Abelian case, we obtain that for a Dieudonné complete space X A(X) is a k-space
iff A(X) has the above simple description (for A(X)), and for a metrizable space X, A(X)
has the above simple description (for A(X)) iff X is locally compact and the set of all
nonisolated points of X is separable.
All topological spaces are assumed to be Tychonoff. By N we denote the set of all
positive natural numbers. Our terminology and notations follow [3]. We refer to [6] for
elementary properties of topological groups and to [1,4] for the advanced properties of
free topological groups.
2. Characterizations
In this section, we shall show that for a metrizable space X if F(X) is a k-space,
then X is locally compact separable or discrete. To prove it, we need the description of
a neighborhood base of e in F(X) obtained by Uspenskiı˘ [11]. Let P(X) be the set of all
continuous pseudometrics on a space X. Put
F0(X)
=
{
h = xε11 xε22 · · ·xε2n2n ∈ F(X):
2n∑
i=1
εi = 0, xi ∈ X for i = 1,2, . . . , n, n ∈N
}
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Then F0(X) is a clopen normal subgroup of F(X). It is well known that every h ∈ F0(X)
can be represented as
h = g1xε11 y−ε11 g−11 g2xε22 y−ε22 g−12 · · ·gnxεnn y−εnn g−1n
for some n ∈ N, where xi, yi ∈ X, εi = ±1 and gi ∈ F(X) for i = 1,2, . . . , n. Take an
arbitrary r = {ρg: g ∈ F(X)} ∈ P(X)F(X). Let
pr(h) = inf
{
n∑
i=1
ρgi (xi, yi): h = g1xε11 y−ε11 g−11 · · ·gnxεnn y−εnn g−1n , n ∈N
}
for each h ∈ F0(X). Then Uspenskiı˘ [11] proved that
(1) pr is a continuous seminorm on F0(X) and
(2) {{h ∈ F0(X): pr(h) < δ}: r ∈ P(X)F(X), δ > 0} is a neighborhood base of e in F(X).
(Note that pr(e) = 0 for each r ∈ P(X)F(X).)
Therefore, to prove e ∈ E for some E ⊆ F(X), it suffices to show that for each r ∈
P(X)F(X) there is h ∈ E ∩ F0(X) such that pr(h) < 1.
For each word g = xε11 xε22 · · ·xεnn ∈ F(X) let car(g) = {x1, x2, . . . , xn}, and let carA =⋃{car(g): g ∈ A} for a subset A of F(X). Arhangel’skiı˘ et al. [2] proved that if E is a
bounded (in particular, compact) set in F(X), then carE is bounded in X.
Propposition 2.1. For a metrizable space X if Fn(X) is a k-space for each n ∈N, then X
is locally compact.
Proof. Suppose that X is not locally compact. Then X contains the hedgehog space J of
spine ω such that each spine is a sequence which converges to the center point as a closed
subset. So, it suffices to prove that Fn(J ) is not a k-space for some n ∈N. Indeed, we shall
show that F5(J ) is not a k-space.
Denote the hedgehog space J by J = {x} ∪⋃n∈ω Xn ⊕ {zi : i ∈ ω}, where
(1) Xn = {yn} ∪ {xn,j : j ∈ ω} is a closed discrete subset of J for each n ∈ ω,
(2) {zi : i ∈ ω} is a closed discrete subset of J , and
(3) {{x} ∪⋃nk Xn: k ∈ ω} is a neighborhood base of x in J .
Put E = {gn,j = z−1n y−1j xznxn,j : n, j ∈ ω} ⊆ F5(J ). If we show that E ∩ K is closed in
F5(J ) for each compact set K ⊆ F5(J ) and x ∈ E \E, then we can conclude that F5(J ) is
not a k-space.
Let K be a compact subset of F5(J ). Then carK is bounded in J . It follows, from the
definition of the set E, that car(E ∩K) is a finite set. Then E ∩K is finite and hence, it is
closed in F5(J ).
To show that x ∈ E, we shall show that e ∈ {x−1gn,j : n, j ∈ ω} applying Uspenskiı˘’s
neighborhood base of e. Take an arbitrary r = {ρg : g ∈ F(X)} ∈ P(X)F(X). Since ρe is a
continuous pseudometric on J and by the form of the neighborhood base of x in J , there
is n0 ∈ ω such that ρe(x, xn,j ) < 12 for each n n0 and j ∈ ω. Furthermore, since ρzn0x is
K. Yamada / Topology and its Applications 146–147 (2005) 239–251 243
a continuous pseudometric on J and the sequence {yn} converges to x , there is j0 ∈ ω such
that ρzn0x(yj , x) <
1
2 for each j  j0. Hence we have that
pr
(
x−1gn0,j0
)= pr(x−1z−1n0 y−1j0 xzn0xn0,j0)
= pr
(
x−1z−1n0 y
−1
j0
xzn0xx
−1xn0,j0
)
 ρzn0x(yj0, x)+ ρe(x, xn0,j0)
<
1
2
+ 1
2
= 1.
This means that x ∈ E. Since x /∈ E, we can conclude that F5(X) is not a k-space. 
Gruenhage [5, Lemma 5] proved that the square of the sequential fan Sω1 is not a k-
space. To prove the following Proposition, we apply his idea used in the proof.
Propposition 2.2. For a metrizable space X if Fn(X) is a k-space for each n ∈N, then X
is separable or discrete.
Proof. Suppose that X is neither separable nor discrete. Then X contains a space T =
C ⊕ D as a closed subset, where C = {xn: n ∈ ω} ∪ {x} is a convergent sequence with its
limit x and D = {dα: α ∈ ω1} is a discrete closed subset of X.
For each α ∈ ω1 let fα :ω1 → ω be a function such that fα |α :α → ω is a bijection. Let
Hα,β =
{
dβxmx
−1d−1β dαxfα(β)x
−1d−1α : m fα(β)
}
for each α,β ∈ ω1 and H =⋃α,β∈ω1 Hα,β . Then each Hα,β is a finite set and H is a subset
of F8(T ). To complete our proof, it suffices to show that H ∩ K is closed in F8(T ) for
each compact subset K of F8(T ) and H is not closed in F8(T ).
Let K be a compact subset of F8(T ). Since carK is bounded in T , (carK) ∩ D is a
finite set. That is, there is a finite set F ⊆ ω1 such that H ∩ K ⊆⋃α,β∈F Hα,β . Hence,
H ∩K is closed in F8(T ).
To show that H is not closed in F8(T ), we apply Uspenskiı˘’s neighborhood base
of e again and show that e ∈ H \ H . Let r = {ρg : g ∈ F(T )} ∈ P(T )F(T ). Since the
sequence {xn} converges to x and ρdα is a continuous pseudometric on T for each
α ∈ ω1, there is n(α) ∈ ω such that ρdα (x, xn) < 12 for each n  n(α). Hence, we can
find n0 ∈ ω and an uncountable set A ⊆ ω1 such that ρdα(x, xn) < 12 whenever n  n0
and α ∈ A. Pick α ∈ A which has infinitely many predecessors in A. Since fα(α ∩ A)
is an infinite set, there are m > n and β ∈ α ∩ A such that fα(β) = m. Hence the word
g = dβxmx−1d−1β dαxfα(β)x−1d−1α is in Hα,β . On the other hand
pr(g) = pr
(
dβxmx
−1d−1β dαxfα(β)x
−1d−1α
)
 ρdβ (xm, x)+ ρdα(xm, x)
<
1
2
+ 1
2
= 1.
Therefore, it follows that e ∈ H . Since e /∈ H , we can prove that H is not closed in
F8(T ). 
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As is mentioned in Section 1, for a metrizable space X, in is a quotient mapping iff
Fn(X) is a k-space for each n ∈ N. Arhangel’skiı˘ et al. [2] proved that for a metrizable
space X, F(X) is a k-space iff X is locally compact separable or discrete. Furthermore,
Pestov and the author [9] showed that for a metrizable space X, F(X) is a k-space iff
F(X) has the inductive limit topology, i.e., a subset U of F(X) is open if each U ∩Fn(X)
is open in Fn(X). Then, from the above Propositions, we obtain an answer to the problems
in Section 1 for the free topological group on a metrizable space.
Theorem 2.3. For a metrizable space X, the following are equivalent:
(1) F(X) is a k-space;
(2) F(X) has the inductive limit topology;
(3) Fn(X) is a k-space for each n ∈N;
(4) in is a quotient mapping for each n ∈N;
(5) X is locally compact separable or discrete.
As compared with the Abelian case, the above result is interesting. For, it is known that
for a metrizable space X,
(a) Arhangel’skiı˘ et al. [2] A(X) is a k-space iff X is locally compact and dX is separable,
and
(b) Yamada [12] each An(X) is a k-space iff either X is locally compact and dX is
separable, or dX is compact.
Hence, there is a metrizable space X (for example, the hedgehog space such that each spin
is a sequence which converges to the center point) such that each An(X) is a k-space, and
hence in for Abelian case is a quotient mapping, but A(X) is not a k-space. On the other
hand, for non-Abelian case, the above result shows that there is not such a metrizable space.
3. F3(X) and i3
In this section, we shall give a necessary and sufficient condition of a metrizable space
X in order that F3(X) is a k-space, and hence i3 is a quotient mapping.
Let X be a space and X = X⊕X−1 ⊕{e}. For a set U of X 2 which includes the diagonal
of X 2, put
W2(U) =
{
g ∈ F4(X): g can be represented as a form x1x2x3x4 such that(
x1, x
−1
2
)
,
(
x3, x
−1
4
) ∈ U or (x1, x−14 ), (x2, x−13 ) ∈ U}.
Then the author [13] obtained the following results.
Lemma 3.1. Let X be a space and UX be the universal uniformity on X. Then
(1) W2(U) is a neighborhood of e in F4(X) for each U ∈ UX , and
(2) {gW2(U)∩ F3(X): U ∈ UX} is a neighborhood base of g for each g ∈ X ∪X−1.
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Propposition 3.2. For a metrizable space X if F3(X) is a k-space, then X is locally
compact or the set of all nonisolated points of X is compact.
Proof. Suppose that neither X is locally compact nor the set of all nonisolated points of X
is compact. Then X contains a closed subset M = {x} ∪⋃n∈ω Xn ⊕⊕n∈ω Cn, where for
each n ∈ ω
Xn = {xn,i : i ∈ ω} is a closed discrete subset of M,
Cn = {cn,i : i ∈ ω} ∪ {cn} is a convergent sequence with its limit cn, and{
{x} ∪
⋃
mn
Xm: n ∈ ω
}
is a neighborhood base of x in M.
Set E = {gn,j = cnc−1n,j xn,j : n, j ∈ ω}. Then E is a subset of F3(X). To complete the proof,
we shall show that F3(X) is not a k-space, that is
E ∩K is closed in F3(X) for every compact subset K of F3(X), and
x ∈ E \E, and hence E is not closed in F3(X).
With the same argument of the proofs of previous propositions in Section 2, we can show
that for every compact subset K of F3(X), E∩K is a finite set, and hence closed in F3(X).
So, it suffices to show that x ∈ E.
Since M is closed in X F3(M) is closed in F3(X). We shall indeed show that x ∈
E ∩F3(M)F3(M). Put M1 = {x} ∪⋃n∈ω Xn and M2 =⊕n∈ω Cn. Given f ∈ ωω let
Uf =
(
{x} ∪
⋃
mf (0)
Xm
)2
∪∆M1 ∪
⋃
n∈ω
({cn} ∪ {cn,i : i  f (n)})2 ∪∆M2
∪
({
x−1
}∪ ⋃
mf (0)
X−1m
)2
∪∆
M−11
∪
⋃
n∈ω
({
c−1n
}∪ {c−1n,i : i  f (n)})2
∪∆
M−12
∪ {(e, e)},
where ∆Y means the diagonal of Y 2 for Y ∈ {M1,M−11 ,M2,M−12 }. Then {Uf : f ∈ ωω}
is a base of the universal uniformity of M . Hence, by Lemma 3.1(2), {xW2(Uf ) ∩
F3(M): f ∈ ωω} is a neighborhood base of x in F3(M).
Let f ∈ ωω and n, j ∈ ω with n  f (0) and j  f (n). Then (x−1, x−1n,j ) ∈ ({x−1} ∪
X−1n )2 ⊆ Uf and (cn, cn,j ) ∈ ({cn} ∪ {cn,i : i  f (n)})2 ⊆ Uf . It follows that x−1gn,j =
x−1cnc−1n,j xn,j ∈ W2(Uf ). Therefore gn,j = xx−1gn,j ∈ xW2(Uf )∩F3(M). The argument
shows that x ∈ E ∩F3(M)F3(M). Consequently, we have that F3(X) is not a k-space. 
Propposition 3.3. If a metrizable space X is locally compact or the set of all nonisolated
points of X is compact, then F3(X) is a k-space.
Proof. Let X be a metrizable space. The author proved, in [13, Theorem 4.11], that if the
set of all nonisolated points of X is compact, then F3(X) is first countable. So we need to
show that F3(X) is a k-space if X is locally compact.
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Assume that X is locally compact. To complete the proof, let E ⊆ F3(X) such that
E ∩K is closed in F3(X) for each compact subset K of F3(X) and g ∈ E. Our purpose is
to show that g ∈ E.
If g ∈ (F2(X) \ F1(X)) ∪ {e}, then g ∈ E ∩ ((F2(X) \F1(X))∪ {e})F2(X), because
(F2(X) \ F1(X)) ∪ {e} is open in F3(X) and is contained in the closed subset F2(X) of
F3(X). As we mentioned in Section 1, i2 is a quotient mapping, and hence F2(X) is a
k-space. It is also known that (F2(X) \ F1(X)) ∪ {e} is closed in F2(X). Hence we can
prove that g ∈ E. Furthermore, it is well known that F3(X) \F2(X) is homeomorphic to a
subspace of X 3. Hence F3(X)\F2(X) is metrizable, and hence it is a k-space. Then, in the
same way to the above argument, we can show that g ∈ E if g ∈ F3(X) \F2(X). Therefore
we may assume that g ∈ X ∪ X−1. Since (F3(X) \ F2(X)) ∪ (F1(X) \ {e}) is open in
F3(X), g ∈ E ∩ ((F3(X) \F2(X)) ∪ (F1(X) \ {e})). However F1(X) \ {e} = X ⊕ X−1 is
metrizable, we can show that g ∈ E if g ∈ E ∩ (F1(X) \ {e}).
Consequently, from the above argument, it is enough to show that g ∈ E in the case of
g = x−1, where x ∈ X and E ⊆ F3(X) \F1(X). (We can show similarly if g ∈ X.)
Since X is a locally compact metrizable space, we can represent X as X =⊕{Xα :
α ∈ A}, where each Xα is locally compact and separable. Let Uα be the universal
uniformity on Xα for each α ∈ A. Then
U =
{⊕
α∈A
Uα ⊕
⊕
α∈A
U−1α ⊕
{
(e, e)
}
: Uα ∈ Uα
}
is the universal uniformity on X. So, by Lemma 3.1(2), {gW2(U) ∩ F3(X): U ∈ U} is a
neighborhood base of g in F3(X). Put
V2(U) =
{
xx2x3x4:
(
x, x−12
)
, (x3, x4) ∈ U or
(
x, x−14
)
,
(
x2, x
−1
3
) ∈ U},
where U ∈ U . Then, since gW2(U) ∩ F3(X) = gV2(U), {gV2(U): U ∈ U} is a
neighborhood base of g in F3(X). Pick U0 ∈ U and let
H = {x2x3x4 ∈ E: xx2x3x4 ∈ V2(U0)}.
Since H = E ∩ gV2(U0) and gV2(U0) is a neighborhood of g in F3(X), g ∈ H . Pick
the unique α(x) ∈ A with x ∈ Xα(x). For each xx2x3x4 ∈ V2(U0), (x, x−12 ) ∈ U0 or
(x, x−14 ) ∈ U0. Hence, from the construction of the uniformity U , it follows that x−12 ∈
Xα(x) or x
−1
4 ∈ Xα(x). So, if we put H1 = {x2x3x4 ∈ H : x−12 ∈ Xα(x)} and H2 = {x2x3x4 ∈
H : x−14 ∈ Xα(x)}, then H = H1 ∪H2. Since g ∈ H , we assume that g ∈ H1. (We can prove
with the same way if g ∈ H2.) Represent the set H1 as H1 = {xλyλzλ: xλ ∈ Xα(x), λ ∈ Λ}.
Then we can show the following properties;
(1) x ∈ {xλ: λ ∈ Λ}Xα(x) and
(2) for each U ∈ U there is λ ∈ Λ such that (yλ, z−1λ ) ∈ U .
The second property means that Q ∩ ∆X = ∅, where Q = {(yλ, z−1λ ): λ ∈ Λ}. Let{Bi : i ∈ ω} be a countable neighborhood base of x in Xα(x) such that B0 = Xα(x) and
Bi+1 ⊆ Bi for each i ∈ ω. For each i ∈ ω, let Pi = {(x, x−1λ ): xλ ∈ Bi \ Bi+1} and
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Qi = {(yλ, z−1): xλ ∈ Bi \ Bi+1}. Then, Q =⋃i∈ω Qi and the property (1) yields thatλ⋃
i∈ω Pi ∩∆Xα(x) = ∅. Since
⋃
i∈ω Qi ∩∆X = ∅ we consider the following two cases.
Case 1. There is a subsequence {ki: i ∈ ω} of ω such that Qki ∩∆X = ∅ for each i ∈ ω.
In this case, since X =⊕α∈AXα , for each i ∈ ω there is αi ∈ A such that Qki ∩
∆Xαi = ∅. Thus, if we put
H3 =
{
xλyλzλ:
(
yλ, z
−1
λ
) ∈⋃
i∈ω
Qki
}
,
then it is easy to see that g ∈ H3 ⊆ F3(Xα(x) ⊕⊕i∈ω Xαki ) ⊆ F3(X). Since Xα(x) ⊕⊕
i∈ω Xαki is locally compact and separable, by Theorem 2.3, F3(Xα(x) ⊕
⊕
i∈ω Xαki )
is a k-space. Furthermore, F3(Xα(x) ⊕⊕i∈ω Xαki ) is closed in F3(X). Therefore, we have
that g ∈ H3 ⊆ E.
Case 2. There is n ∈ ω such that Qm ∩∆X = ∅ for each m n.
Since g ∈ {xλyλzλ ∈ H1: xλ ∈ Bn}, ⋃mn Qm ∩ ∆X = ∅. Hence there is α0 ∈ A such
that
⋃
mnQm ∩ ∆Xα0 = ∅. It follows, from our assumption of case 2, that for every
U ∈ Uα0 {m n: (Qm ∩X2α0)∩U = ∅} is infinite, and hence⋃{
Pm:
(
Qm ∩X2α0
)∩U = ∅, m n}∩∆α(x) = ∅.
Therefore, if we put H4 = {xλyλzλ: (yλ, z−1λ ) ∈
⋃
mn(Qm ∩ X2α0)}, then g ∈ H4. On the
other hand, H4 is contained in the k-space F3(Xα(x) ⊕Xα0) that is closed in F3(X). Hence
we can see that g ∈ H4 ⊆ E.
In any case, we can prove that g ∈ E. Thus E is a closed subset of F3(X). It follows
that F3(X) is a k-space. 
From Proposition 3.2, 3.3 and Theorem 4.9 in [12], we obtain the following.
Theorem 3.4. For a metrizable space X the following are equivalent:
(1) F3(X) is a k-space;
(2) A3(X) is a k-space;
(3) i3 is a quotient mapping for both cases;
(4) X is locally compact or dX is compact.
As a consequence of Theorem 2.3, Theorem 3.4 and the results in [12], we have the
following result.
Corollary 3.5. Let R be the real line, Q be the space of rational numbers, J (κ) (κ  ω) be
the hedgehog space of spine κ such that each spine is a sequence which converges to the
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center point and the topological sum Cκ of κ( ω) many convergent sequences with their
limits.
(1) If X = R, then in is a quotient mapping for both cases, and hence both Fn(X) and
An(X) are k-spaces for each n ∈N,
(2) If X is Q or R \Q, then in is not a quotient mapping for both cases, and hence neither
Fn(X) nor An(X) are k-spaces for each n 3.
(3) If X = J (κ) (κ  ω), then in is a quotient mapping for Abelian case, and hence An(X)
are k-spaces for each n ∈N. For non-Abelian case, however i3 is a quotient mapping,
and hence F3(X) is a k-space, in is not a quotient mapping, and hence Fn(X) is not a
k-space for some n 4.
(4) Let X = Cκ . If κ = ω, then in is a quotient mapping for both cases, and hence both
Fn(X) and An(X) are k-spaces for each n ∈N. If κ > ω, then i3 is a quotient mapping
for both cases, and both F3(X) and A3(X) are k-spaces, but in is not a quotient
mapping for both cases, and hence neither Fn(X) nor An(X) are k-spaces for some
n 4.
4. A simple description of the free group topology
In general, it is difficult to check whether a subset of F(X) (A(X)) is open or not. In
this section, we consider the following simple descriptions (∗)F and (∗)A of the free group
topologies of F(X) and A(X), respectively;
(∗)F
(
a set U ⊆ F(X) is open in F(X) if and only if
i−1n
(
U ∩ Fn(X)
)
is open in
(
X ⊕X−1 ⊕ {e})n for each n ∈N.
(∗)A
(
a set U ⊆ A(X) is open in A(X) if and only if
i−1n
(
U ∩An(X)
)
is open in
(
X ⊕ −X ⊕ {0})n for each n ∈N.
Graev [4] showed that if X is compact, then both F(X) and A(X) have the descriptions
(∗)F and (∗)A, respectively. On the other hand, the following facts are obvious.
Fact 4.1. Let X be a space.
(1) If F(X) has the description (∗)F , then F(X) has the inductive limit topology.
(2) If F(X) has the inductive limit topology and in is a quotient mapping for each n ∈N,
then F(X) has the description (∗)F .
The same are true for A(X).
Now, we shall show that if F(X) has the description (∗)F , then in is a quotient mapping
for each n ∈N. With the same argument we can know that the same is true for A(X). We
begin with proving the following lemmas.
Lemma 4.2. Let X be a space. Let m,n ∈N with m< n and U ⊆ Fn(X). If i−1n (U) is open
in Xn, then i−1m (U ∩Fm(X)) is open in Xm. The same is true for A(X).
K. Yamada / Topology and its Applications 146–147 (2005) 239–251 249
Proof. Let x = (x1, x2, . . . , xm) ∈ i−1m (U ∩ Fm(X)). Then im(x) ∈ U ∩ Fm(X). Since
m< n, put y = (y1, y2, . . . , ym, ym+1, . . . , yn), where
yi =
{
xi if i m,
e if m< i  n.
Then in(y) = im(x) ∈ U , and hence y ∈ i−1n (U). Since i−1n (U) is open in Xn, we can take
open neighborhoods Ui of yi in X, i = 1,2, . . . , n, such that Ui = {e} for n < i  n and
y ∈∏ni=1 Ui ⊆ i−1n (U). Hence∏mi=1 Ui is an open neighborhood of x in Xm and it is easy
to see that
∏m
i=1 Ui ⊆ i−1m (U ∩Fm(X)). It follows that i−1m (U ∩Fm(X)) is open in Xm. 
Lemma 4.3. Let X be a space. Let m,n ∈ N with m > n and U ⊆ Fn(X). If in(U)−1 is
open in Xn, then i−1m (U ∪ (Fm(X) \Fn(X))) is open in Xm. The same is true for A(X).
Proof. Since i−1m (U ∪ (Fm(X) \ Fn(X))) = i−1m (U) ∪ i−1m (Fm(X) \ Fn(X)) and
i−1m (Fm(X)\Fn(X)) is open in Xm, it suffices to show that for each x ∈ i−1m (U) we can find
an open neighborhood of x in Xm such that it is contained in i−1m (U ∪ (Fm(X) \Fn(X))).
Without loss of generality, we may assume that m = n + 1.
Let x = (x1, x2, . . . , xn+1) ∈ i−1n+1(U). We shall construct open neighborhoods Wi of xi
in X, i = 1,2, . . . , n + 1, such that ∏n+1i=1 Wi ⊆ i−1n+1(U ∪ (Fn+1(X) \ Fn(X))). If xi = e
for some i = 1,2, . . . , n + 1, then we put Wi = {e}. So we may assume that each xi = zεii ,
where zi ∈ X and εi = ±1. Let Ui be an open neighborhood of zi in X, such that{
Ui ∩Uj = ∅ if zi = zj ,
Ui = Uj if zi = zj .
Put
A = {y ∈ Xn−1: in−1(y)= in+1(x), car(y) ⊆ car(x)}.
Since in+1(x) ∈ U ⊆ Fn(X) and xi = e for each i = 1,2, . . . , n + 1, A is a nonempty
finite set. Let y = (y1, y2, . . . , yn−1) ∈ A. Then y ∈ in−1(U ∩ Fn−1(X)). By Lemma 4.2,
i−1n−1(U ∩ Fn−1(X)) is open in Xn−1. Hence, there are open neighborhoods V (y, i) of yi
in X ⊕ X−1, i = 1,2, . . . , n − 1, such that ∏n−1i=1 V (y, i) ⊆ i−1n−1(U ∩ Fn−1(X)). For each
i = 1,2, . . . , n+ 1, we define an open neighborhood Wi of xi , such as;
Wi = Uεii ∩
⋂{
V (y, j): y = (y1, y2, . . . , yn−1) ∈ A, yj = xi
}
.
To prove that W = ∏n+1i=1 Wi ⊆ i−1n+1(U ∪ (Fn+1(X) \ Fn(X))), take an arbitrary a =
(a1, a2, . . . , an+1) ∈ W . We need to show the relation when in+1(a) ∈ Fn−1(X). Then
there is i = 1,2, . . . , n so that aiai+1 = e. Since ai ∈ Uεii and ai+1 ∈ Uεi+1i+1 , Ui ∩
Ui+1 = ∅. So, our definition of Ui implies that Ui = Ui+1, and also xixi+1 = e. Put
y = (y1, y2, . . . , yn−1), b = (b1, b2, . . . , bn−1) ∈ Xn−1, where
yj =
{
xj if j = 1,2, . . . , i − 1,
xj+2 if j = i, i + 1, . . . , n − 1,
bj =
{
aj if j = 1,2, . . . , i − 1,
aj+2 if j = i, i + 1, . . . , n − 1.
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Then it is easy to see that y ∈ A and b ∈ W1 × W2 × · · · × Wi−1 × Wi+1 × Wi+2 × · · · ×
Wn+1. For each j = 1,2, . . . , n− 1,
bj =
{
aj ∈ Wj ⊆ V (y, j) if j = 1,2, . . . , i − 1,
aj+2 ∈ Wj+2 ⊆ V (y, j) if j = i, i + 1, . . . , n− 1.
Hence, b ∈ ∏n−1j=1 V (y, j) ⊆ in−1(U ∩ Fn−1(X)). It follows that in+1(a) = in−1(b) ∈
U ∩ Fn−1(X) ⊆ U , and hence a ∈ i−1n+1(U). Consequently, we can see that W ⊆ i−1n+1(U ∪
(Fn+1(X) \ Fn(X))). The argument yields that in+1(U ∪ (Fn+1(X) \ Fn(X))) is open in
Xn+1. 
Propposition 4.4. Let X be a space. If F(X) has the description (∗)F , then in is a quotient
mapping for each n ∈N. It is true for Abelian case.
Proof. Fix n ∈ N and let U be a subset of Fn(X) such that i−1n (U) is open in X n. Put
V = U∪(F (X)\Fn(X)). Then, by Lemmas 4.2 and 4.3, we can show that i−1m (V ∩Fm(X))
is open in Xm for each m ∈ N. Since F(X) has the description (∗)F , we conclude that
V is open in F(X), in particular, U is open in Fn(X). This means that in is a quotient
mapping. 
Fact 4.1 and Proposition 4.4 yield the following result.
Theorem 4.5. For a space X F(X) has the description (∗)F if and only if F(X) has the
inductive limit topology and in is a quotient mapping for each n ∈N. It is true for Abelian
case.
Since every compact subset of F(X) is contained in Fn(X) for some n ∈ N, F(X) is
a k-space if and only if F(X) has the inductive limit topology and Fn(X) is a k-space
for each n ∈ N. The same is true for Abelian case. As we mentioned in Section 1, for a
Dieudonné complete space X and n ∈ N, in is a quotient mapping iff Fn(X) (An(X)) is a
k-space. Thus, we can obtain the following.
Theorem 4.6. Let X be a Dieudonné complete space. Then,
(1) F(X) has the description (∗)F if and only if F(X) is a k-space, and
(2) A(X) has the description (∗)A if and only if A(X) is a k-space.
Furthermore, from Theorem 2.11 and Theorem 3.7 in [2], we can obtain a characteri-
zation of a metrizable space X such that F(X) (A(X)) has the description (∗)F ((∗)A),
respectively.
Corollary 4.7. Let X be a metrizable space. Then,
(1) F(X) has the description (∗)F if and only if X is locally compact separable or
discrete, and
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(2) A(X) has the description (∗)A if and only if X is locally compact and the set of all
nonisolated points of X is separable.
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